A method based on a Bayesian network (BN) combined with stochastic Monte Carlo (MC) simulation is used in this research to calculate the probability and analyze the risk of a single reservoir dam overtopping and two reservoirs collapsing under the combined action of flood and landslide surge. Two adjacent cascade reservoirs on the Dadu River are selected for risk calculation and analysis. The results show that the conditional probability of a dam overtopping due to flooding in a single reservoir is relatively small; the conditional probability of a dam overtopping due to landslide surge in a single reservoir is relatively large; a combination of flooding and landslide surge greatly increases the risk of the dam overtopping. The conditional probability that the dam in (downstream) Changheba reservoir overtops as a result of a dam-break flood from (upstream) Houziyan reservoir is greater than 0.8 when the water in Changheba reservoir is at its normal level. Under the combined action of flooding and landslide surges, the joint probability that the two cascade reservoirs collapse in a variety of typical situations is very small.
Introduction
According to the available statistics, over half of the cases of embankment dam break are caused by a dam overtopping; that is, dam overtopping is the main reason that dam breaks occur. As is well known, flooding is a major factor that may result in dam overtopping. In addition, a landslide into a reservoir can arouse a huge surge which may also lead to dam overtopping. If these two factors (flooding and landslide surge) occur at the same time, then it may be expected that the risk of the dam overtopping will be greatly increased. There have been many studies aimed at analyzing the risk that a dam will overtop due to flooding, but little has been done in respect of landslide surge. Stochastic models have been established for flood risk analysis and compared with a Bayes method [1] . Another approach used was to analyze the mechanism responsible for dam failure from the point of view of hydraulics [2] . The latter authors used an integration method to directly calculate the probability of the dam overtopping. Other scholars have used (several) other different methods to calculate and analyze landslide surges in the Three Gorges Reservoir [3] . An ISPH model has also been used to simulate landslide surges in a reservoir and the subsequent process of a dam overtopping [4] .
In recent years, Bayesian networks (BNs) have been one of the most successful artificial intelligence methods used to deal with uncertainty. For example, they have been used to analyze the reliability and risk management of earthquake disasters [5] . Other researchers have used BNs to study the risk assessment surrounding warship retirement [6] , proposed BNs to model the risk of natural disasters [7] , and discussed the application of BNs to the analysis of fire risk [8] .
As far as dam overtopping is concerned, the BN studies undertaken so far mostly encompass just a single factor that may cause a dam to overtop; there are hardly any risk analyses for dam overtopping which consider the combined action of flooding and landslide surges. In addition, the BN studies aimed at analyzing the risk of dam overtopping must be considered as preliminary attempts. Such risk analyses only encompass a single reservoir (or a single system) without giving consideration to multiple-reservoir collapse. To date, there is still very little research in the literature focusing on 2 Mathematical Problems in Engineering analyzing the risk of collapse of multiple reservoirs using BNs. Therefore, this study is based on BN theory and aims to establish a BN model to calculate the probability of collapse for two reservoirs under the combined action of flooding and landslide surge. One notable feature of the work is that a stochastic Monte Carlo (MC) simulation method is used to estimate the probability of each node event in the BN structures. We also consider some examples to show the effectiveness of the combined BN/MC method as applied to analyzing the risk of reservoir collapse.
Methods

Bayesian Networks.
A Bayesian network is a conditional probability table that contains a directed acyclic graph model and a complex joint-probability distribution of the compact representation. A BN can be used to express and analyze the uncertainty or probability of events and allows one to make inferences using incomplete or uncertain knowledge and information. A BN assigns the joint-probability distribution for random variables = { 1 , 2 , . . . , }. The BN is expressed via its conditional independence and conditional probability relationships and the joint-probability distribution can be written in the compact form:
As an example, for the network diagram shown in Figure 1 , the joint probability is
The Bayesian formula indicates that
where ( 1 , 2 , . . . , ) is the joint probability, ( ) is the prior probability, ( | ) is the conditional probability, and ( | ) is the posterior probability.
Establishing the BN Model.
Suppose that there are two adjacent cascade reservoirs A and B. In addition to flooding, landslide surges may also occur and pose a risk of causing dam overtopping to a single reservoir. That is, these two factors together constitute the causes leading to a single reservoir dam overtopping. For two adjacent reservoirs, in addition to flooding and landslide surge, dam-break flooding from upstream reservoir A is another main factor that can lead to the dam overtopping in downstream reservoir B. That is, these three factors together constitute the causes of the dam in reservoir B overtopping. As dam overtopping is a crucial factor that can result in an earth-rock dam break, it can be considered that "dam overtopping" means the same as "dam break." Therefore, in this study, the effects of other factors, for example, failure of the structure of the dam, are not considered. The BN structure for two reservoirs collapsing under the combined action of flooding and landslide surge is shown in Figure 2 (a). According to the conditional independence of the BN, the reason that dam break in reservoir A has a direct effect on reservoir B is only via the dam-break flood. Thus, all the causal nodes resulting in dam break in reservoir A can be condensed down to one causal node (dam-break flood). Subsequently, the BN structure can also have the form shown in Figure 2 (b). The definitions of the various parameters appearing in the BNs are given in "Abbreviations."
According to the BN structures described above we have the following.
For a single reservoir,
For two reservoirs,
Probability of Overtopping due to Flooding
2.3.1. Probability of Flooding. In China, it is generally believed that the peak flow obeys a type P-III probability distribution. Our main calculation method is based on observed flood data and uses the moment method to estimate statistical parameters for the mean, , coefficient of variation ( V ), and coefficient of skewness ( ). The data was fitted to the P-III distribution curve using eye-estimation, and the probabilities that the peak flows occurred were obtained. That is, the values of ( ) and ( ) were derived. 
where , , and 0 are three parameters that are used to describe the P-III type curve. During the simulation, we let = 1, 2, . . . , , so that purely random values are generated which obey the P-III type distribution using random number generation.
(2) Calculation of ( | ) and ( | ). For reservoirs and , the Monte Carlo method is used to simulate and peak flow data points, respectively. Then, by amplifying the typical flood hydrograph using the same magnification, we can get the and flood hydrographs. The reservoir capacity and discharge flow curves are combined. Using these and the flood hydrographs, we can obtain and highest water levels in front of the dam according to the reservoir dispatching rules for flood routing through the reservoir. The number of times ( , ) wherein the water level exceeds the height of the dam in and highest water levels is counted, respectively. The value of m/N can be considered to be the conditional probability of the dam overtopping (or, alternatively, the dam break) due to flooding. That is, ( | ) = / , and ( | ) = / .
Probability of Overtopping due to Landslide Surge.
If the slope of a reservoir bank has poor stability, it may slide under the disturbing action of an earthquake or heavy rain.
A landslide often provokes a huge surge, which may, in turn, lead to the dam overtopping. Therefore, if we want to calculate the conditional probability of a dam overtopping due to landslide surge, the first thing we need to do is calculating and analyzing the stability of the slope. Here, we assume that the probability of a landslide occurring is equal to the probability of a landslide surge occurring. Then, we can calculate the conditional probability of the dam overtopping due to a landslide surge according to the calculated probability of a landslide surge occurring combined with a stochastic MC simulation.
Calculation of the Stability with respect to Landslide.
Landslide stability is generally measured by the coefficient of stability . If > 1, it indicates that the slope is relatively stable, and landslide will not occur. If < 1, the opposite is true.
In this work, the Bishop method is adopted to calculate the landslide stability coefficient. Ignoring the effect of pore water pressure, the stability coefficient is given by
where , , and are, respectively, the average slope angle, width, and weight of the th soil slice, r is the total number of slices, is the cohesion, and is the internal friction angle.
Calculation of the Landslide Surge.
Sliding velocity has a great impact on a landslide surge. Therefore, the first step in the landslide surge calculation is to calculate the sliding velocity of the landslide.
(1) Sliding Velocity. Of the various methods available to calculate the landslide sliding velocity, the energy method is the most widely used method and the concepts involved are clear. The sliding velocity (V) is given by
In this expression, is the acceleration due to gravity (9.8 m/s
2 ), h is the height of the center of gravity of the landslide body with respect to the surface of the water in the reservoir (m), is the average dip angle of the sliding surface ( ∘ ), c is the cohesion (kPa), is the internal friction angle ( ∘ ), L is the length of the landslide body (m), and is the mass of the landslide body (kg).
(2) Landslide Surge. After comparing several different methods (including the American Society of Civil Engineers recommended method, the method of the China Institute of Water Resources and Hydropower Research, and the Panjiazheng method), Hu et al. pointed out that the Panjiazheng method is relatively consistent with the actual situation [3] . This method is therefore adopted here to calculate the landslide surge occurring in the reservoir.
The surge height on the other side of a landslide, (m), is given by
and the surge height in front of the dam, (m), is given by
where 0 is the initial surge height caused by the landslide (m), k is the wave reflection coefficient ( ≈ 1), = /2 is the half length of the landslide along the bank (m), B is the average breadth of reservoir's water surface (m), and 0 is the distance from the calculation point to the landslide (m). The angles are given by
Calculation of the Probability of a Dam
Overtopping due to Landslide Surge. As a result of the perturbation from external factors, the cohesion (c), internal friction angle ( ), and weight (W) of the landslide will be uncertain; that is, they should be viewed as random variables. Hence, the values of the stability coefficient (K) and sliding velocity (V) are also uncertain. In view of this, we use a stochastic Monte Carlo method to simulate these random variables in order to obtain values for and . Then, the prior probability of a landslide surge occurring and the conditional probability of the dam overtopping due to the landslide surge can be computed according to the simulation results. The assumptions made and simulation steps involved are as follows.
(1) Assume that there is a potential landslide at a distance 0 from the dam. The breadths of the landslide (b) and landslide height h are random variables that obey normal distributions. The breadth of each soil slice of the landslide in the vertical direction is divided into 1 m pieces; that is, the total number of soil slices is b.
(2) Assume that the length ( ), thickness ( ), slope angle ( ), cohesion ( ), and internal friction angle ( ) of soil slice are all random variables which obey normal distributions. We also have = , where is the volumetric weigh of the soil. Figure 3 shows a simple model used in the simulation analysis.
(3) Following the MC method, N group random numbers obeying a normal distribution were obtained after simulations for each random variable (the calculations here were performed using MATLAB6). Then, the group random numbers were substituted into the formulae for and to give values of and . The number of values less than 1 was counted as was the number of the values of that exceeded the dam height when added to the reservoir water level. This yielded values for and , respectively. Finally, the probabilities ( ) (or ( )) = / and ( | ) (or ( | )) = / were determined.
Conditional Probability of a Dam Overtopping due to a
Dam-Break Flood. The risk analysis for the occurrence of the dam overtopping in (downstream) reservoir B due to a dambreak flood from (upstream) reservoir A involves two main processes: (i) the dam break in reservoir A itself and (ii) flood routing of the dam break from reservoir A to reservoir B. We consider each in turn. The maximum flow can be found using the Xierenzhi formula [9] :
The Dam-Break Process in Upstream Reservoir
.
In these expressions, B is the dam crest length (m), 0 is the water depth in front of the dam (m), is a traffic parameter, M is the valley cross section shape index, and V 0 is the average flow velocity in the channel before dam break (m/s).
(2) Dam Flood Process. This consists of three parts: (i) reservoir discharge before dam break, (ii) flow during dam break, and (iii) natural runoff after the reservoir discharge ends. The shape of the instantaneous dam-break flood process is akin to four parabolic processes [10] (Figure 4 ).
Flood Routing Process.
The routing process of a dambreak flood from an upstream to a downstream reservoir can be enumerated using the Muskingum method [11] :
where 1 and 2 are the upper-section flow (m 3 /s) at the beginning and end of the process, respectively, 1 and 2 are the lower-section flow (m 3 /s) at the beginning and end of the process, respectively, Δ is the time step used (s), T is the propagation time of the flood in the reach of the river under steady flow (s), and is the tank storage coefficient.
Calculation of ( | ).
Suppose reservoir A is put into different water level conditions which cause dam break to occur. Then, X maximum flood peak flows can be obtained after the dam-break flood routes to the downstream reservoir B by using the Muskingum method. Assume that this peak flow series obeys a P-III distribution, then, to calculate the statistical parameters (mean ( ), coefficient of variation ( V ), and coefficient of skewness ( )) from the flood series, combined with a Monte Carlo method for stochastic simulation to get peak flow data points, and flood hydrographs will be obtained after amplifying the selected typical flood hydrograph. Finally, in accordance with the capacity and discharge curves and the flood dispatching rules of the downstream reservoir B, the highest water levels in front of the dam can be calculated according to the reservoir flood regulating calculation. If there are highest water levels in front of the dam that exceed the dam height of reservoir B, then m/N can be considered to be the conditional probability of the dam overtopping in reservoir B due to a dam-break flood from upstream reservoir A; that is, ( | ) = / .
Results and Discussion
Project Overview.
The Houziyan and Changheba reservoirs are adjacent in the Dadu River trunk stream in Sichuan, China, and will be analyzed using our method. The river from the Houziyan to Changheba reservoirs runs through mountainous terrain in deep ravines. Deep, narrow valleys contain water that is fast-flowing and, thus, complex.
Houziyan Hydropower Station is located in Kangding County, Sichuan. It forms a 9-cascade hydropower station on the Dadu River which is subjected to 22 development program recommendations. The reservoir's dam is an embankment dam, and the dam site above the controlled river basin area covers 54,036 km 
Risk Analysis for a Single Reservoir Overtopping due to
Flooding. The statistical parameters relating to the inflow flood peak series for the Houziyan reservoir and the interval flood peak series for the Changheba reservoir are shown in Table 1 together with the corresponding design values.
After selecting an appropriate probability range for the simulations and calculations, the conditional probabilities of flooding leading to dam overtopping for different reservoir water levels were obtained (according to the methods outlined above for calculating the probability of peak floods occurring and conditional probability of flooding leading to dam overtopping). The simulation parameters and results of the probability calculations are shown in Table 2 .
The results shown in Table 2 indicate that the conditional probability that flooding will result in the dam overtopping in either of the two reservoirs is of the order of 10 −6 . This shows that the risk of flooding leading to a single reservoir dam overtopping is very small. It also shows that the difference between the risks for the two reservoirs is small. It is also apparent that the higher the water level in a reservoir, the greater the risk of the dam overtopping due to flooding.
Landslide Surge. With reference to landslide investigations in the Dadu River basin (and other related literature), values were determined for the statistical parameters of each random variable (Table 3) . Then, 10,000 MC simulations were made (using MATLAB software) to calculate the stability coefficients and other characteristics of the landslide surge. Subsequently, the prior probability that a landslide surge will occur and the conditional probability that the dam will overtop due to the landslide surge were calculated for different water levels in the reservoir. The parameters and simulation results are shown in Tables 4 and 5 .
The results in Tables 4 and 5 indicate that the prior probability of occurrence of a landslide (surge) in the reservoir is 0.0387. The conditional probability that the dam will overtop due to a landslide surge when either the Houziyan reservoir or Changheba reservoir is at normal or check water level is about 0.2. Clearly, landslide surge has a relatively large risk of leading to dam overtopping compared to flooding. In addition, the higher the water level in the reservoir is, the larger the conditional probability that a landslide surge will lead to dam overtopping; that is, the risk of dam overtopping is greater. 821 1,823 1,825 1,827 1,829 1,831 1,835 1,839 1,842 1,844 1,847 1,849 1,852 Maximum 
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Risk Analysis for Dam Overtopping due to Dam-Break Flooding
Dam-Break Flooding Process
(1) Dam-Break Flood Maximum Flows. We assume that the Houziyan reservoir undergoes a dam break under the action of excessive flooding. The calculated maximum flows are shown in Figure 5 .
(2) Dam-Break Flow. A profile can be drawn to illustrate the typical flow process resulting from a dam break ( Figure 6 ) based on the maximum flow results for a dam-break flood given above and the generalized flooding profile for an instantaneous dam break. In addition, by combining the upstream flow process from the Houziyan reservoir and the discharge process during reservoir flood regulation, more comprehensive flood profiles, before and after dam break, can be constructed, as shown in Figure 7 .
(3) Dam-Break Flood Routing. The Muskingum method can now be used to calculate the flood routing process based on the flooding process lines before and after dam break at the Houziyan reservoir. Then, the maximum flows and Parameter
the flood process can be obtained after the dam-break flood routes from the Houziyan reservoir to the inflow section of the downstream Changheba reservoir. The maximum flows at the inflow section of the Changheba reservoir are shown in Figure 5 , and a typical flood process line is shown in Figure 7 . The calculation parameters for the Muskingum method can be found in Table 6 . Figure 5 shows that if the Houziyan reservoir undergoes a dam break, then the higher the water level in the Houziyan reservoir, the larger the maximum flow. Furthermore, Figure 7 shows that the reservoir discharge increases suddenly when the dam break occurs. After the dam-break flood propagates to downstream Changheba reservoir, the maximum flows are reduced but the shape of the flood process line is basically unchanged.
Conditional Probability Calculation.
Based on the maximum inflow flood peak series at the Changheba reservoir coming from the dam-break flood from the Houziyan reservoir, the statistical parameters for the inflow flood, and the flow results subject to various probabilities, can be obtained after fitting the data to a P-III curve (Table 7) . Then, further MATLAB simulations and calculations can be carried out to yield the conditional probability that the Changheba reservoir suffers dam overtopping due to the dam-break flood from the Houziyan reservoir (results in Table 8 ).
As can be seen from Table 8 , when the Changheba reservoir is at a normal (check) water level, the conditional probability of the dam overtopping due to a dam-break flood from the Houziyan reservoir is 0.8075 (0.8981). It is clear that a dam break from the Houziyan reservoir induces a large risk that the dam in the Changheba reservoir will overtop; that is, the risk that both reservoirs collapse is relatively large. Also, we can see that the higher the water level in the Changheba reservoir, the greater the risk of the dam overtopping due to the dam-break flood.
Risk Analysis for Reservoir Collapse under the Combined
Action of Flood and Landslide Surge. Here, we choose two sets of typical cases for the Houziyan and Changheba reservoirs. The upstream natural flood peak flow is at the designed flood flow, and the reservoir is either at the normal or check water level. Both reservoirs are considered to be at risk of overtopping due to landslide surge. The probability results for dam overtopping in the Houziyan and Changheba reservoirs are shown in Table 9 . The two typical cases mentioned above for the two reservoirs are combined into four cases (labeled I-IV). The probability results for two reservoir collapses for the various combinations of typical cases, and the posterior probability results, are shown in Table 10 and Figure 8 . From Table 9 , we can see there is little difference between the probabilities that a single reservoir dam will overtop in the four cases when the two reservoirs are under the combined action of flood and landslide surge (all are of the order of 10 −3 ). Once again, the higher the water level in the reservoir is, the greater the probability that a single reservoir dam will overtop. Obviously, the probability of dam overtopping under the combined action of flooding and landslide surge is much larger than that resulting from flooding alone. As shown in Table 10 and Figure 8 , dam-break flooding from the Houziyan reservoir increases the probability of the Changheba reservoir dam overtopping by a factor of almost two. This shows that the chance that a dam-break flood results in the Changheba reservoir dam overtopping is relatively large. In addition, for the various combinations of typical cases, the higher the water level in a reservoir, the greater the probability of the Changheba reservoir dam overtopping and the greater the joint probability. The joint probabilities of the two reservoirs collapsing under the combined action of flood and landslide surge shown in Table 10 are very small (of the order of 10 −15 ). The posterior probability results indicate that there is little difference between the risk of the Changheba reservoir dam overtopping due to dam-break flooding from the Houziyan reservoir and that from the combined action of interval flooding and landslide surge in the Changheba reservoir.
Conclusions
We conclude the following:
(1) The probability that the dams in the Houziyan and Changheba reservoirs overtop due to a single flood action is very small, with a magnitude of the order of 10 −6 . The risk of overtopping due to a landslide surge occurring in one of the reservoirs is relatively large. The conditional probability that dam overtopping will occur due to landslide surge in the Houziyan and Changheba reservoirs (at their normal water levels) is about 0.2. If the reservoir level is higher, however, the overtopping probability will be greater. (2) The conditional probability of the Changheba reservoir dam overtopping due to dam-break flooding from the Houziyan reservoir is 0.808 when the Changheba reservoir is at its normal level (and 0.898 if it is at its check level). Such dam-break flooding nearly doubles the probability of the dam in the Changheba reservoir overtopping. Thus, the risk of the dam overtopping in the Changheba reservoir due to dam-break flooding from the Houziyan reservoir is relatively large. (3) The joint probability that the two reservoirs will collapse under the combined action of flooding and landslide surge is very small. For various combinations of typical cases, the probability of such an event was found to be of the order of 10 −15 .
(4) Combining Bayesian network theory with stochastic Monte Carlo simulation is an effective method for calculating probabilities and analyzing the risk associated with a single reservoir dam overtopping and for investigating whether multiple cascade reservoirs will collapse under the combined action of various risks and working conditions. This study may constitute a firm basis for providing useful technical support with respect to risk prevention and control in reservoirs in the future.
